The use of Sonic Crystals as environmental noise barriers has certain advantages from the acoustical and the constructive point of view with regard to conventional ones. One aspect do not studied yet is the acoustic interaction between the Sonic Crystals and the ground due to, up to now, this latter is not included in the analytical models used to characterize these Sonic Crystals.
I. INTRODUCTION
Periodic arrangement of acoustic scatterers embedded in a medium with different physical properties give rise to ranges of frequencies, known as bandgaps, where the transmission of acoustic waves is forbidden. If one of them, scatterers or host, is a fluid then these systems are called Sonic Crystals (SC). In last years, an increasing interest has appeared in the potential exploitation of SC as environmental noise barriers [1] [2] [3] .
Some examples of the advantages of using SC instead of conventional screens are the reduction in the size of the foundation or the possibility of designing specific screens for predetermined conditions. However, the acoustical properties of SC depend on several factors
showing some particularities in their attenuation properties 4 . For example, the size and position of the bandgaps depend on several factors as the direction of incidence of the wave on the SC and the type of arrangement of the scatterers. As a consequence, the development of the screens based on SC is not a trivial process.
In order to avoid these handicaps several works have been intensively developed in last years. The use of both materials with acoustical properties added or more efficient distribution of scatterers are two examples. The use of resonators 5 or absorbent materials 6 in the first case, and the use of Quasi Ordered 7 or Quasi Fractal 8 structures in the second case have been studied.
One of the factors to have into account in the use of SC as noise barriers is the existence of the ground. Up to now, one of the analytical approaches to predict the transmission properties of SC is based on the well known Multiple Scattering Theory (MST) [9] [10] [11] [12] , which is a self-consistent method for calculating acoustic pressure including all orders of scattering based on the superpositions of the solution for a simple scatterer. MST predicts the acoustical performance of SC in the absence of a ground plane. However, one of the factors to have into account in the use of SC as noise barriers is precisely the existence of the ground.
Thus MST is an unrealistic approximation for environmental noise barriers based on SC.
In this work, the effect of both acoustically-rigid and finite impedance ground planes on the properties of a SC made of rigid scatterers is analytically and experimentally analyzed. The methodology developed in this work is based on the MST and on the method of images 13, 14 . The finite impedance is characterized in the model as a two parameter impedance 15 . Although the most interesting situation is likely to involve periodic vertical cylinder arrays, this would require solution of a 3D problem. Here are considered the more tractable 2D problem involving a periodic array of cylinders with their axes parallel to the ground.
A. Defining the problem
The problem studied in this work is related to the scattering of sound waves by an array of scatterers suspended with their axes parallel to a rigid or finite impedance ground plane.
As it is shown in Figure 1A , the scattering is produced in the positive half-space. Figure 1A shows an scheme of the problem. The scatterers are considered to be arranged in a square lattice which is defined by the lattice constant a. The nearest base of the array of scatterers is placed at a distance H x from the ground, while the nearest vertical base of the array from the source is placed at a distance H y (see Figure 1A )
Here we have studied the effect of the ground over the scattering of the array of scatterers by means of the multiple scattering theory modified using the method of images in order to construct the reflected field. The geometry used to perform the method of images in our approach is shown in Figure 1B . In this approach one should consider the image of the source as well as of the scatterers. Note that all the waves reflected on the ground can be described as waves coming from the image source or from the image scatterers, then the images are also interacting with the real space. The image source is placed at point O ′ , and the image of scatterers C ′ m are placed on the negative half-space. All the vectors measured from the image source is characterized by a prime ( ′ ).
B. Ground effect
In some cases the surface of the ground can be considered perfectly rigid or totally reflec- quires knowledge of the absorptive and reflective properties (the acoustic impedance) of the surface. Motivated by previous works 13 the effect of the ground on the scattering problem will be characterized in this work by the reflection coefficient R( r O , r R ; ν) of the ground (ν is the frequency of the incident wave). The case of an acoustically-hard (rigid) ground implies R( r O , r R ; ν) = 1. In general, R( r O , r R ; ν) will be a function that mainly depends on the impedance contrast between the two half-spaces separated by the ground surface and on the positions of both the source ( r O ) and the receiver ( r C ) by means of the angle of incidence on the ground.
The ground surface itself also provides a significant path for transmission of acoustic energy, particularly at low grazing angles and low frequencies. Incident acoustic energy is transformed into vibrational energy and is transmitted along the surface layer. This vibration disturbance can propagate for long distances, before dissipating or re-radiating as sound. At long distances, the transmission of low frequency sound can be dominated by this surface wave mechanism. In this work we are interested in the interaction between the SC and the ground effect, to do that we study regions near the source (the positions of both the array of scatterers and the receiver are near the source) and in the regime of dispersion frequencies of the array (high frequencies), this transmission mechanism can be neglected in this work.
When airborne sound impinge on the ground, a portion of the wave is transmitted and refracted at right angles into the surface. For our purposes, we have focused our attention on the reflected portion of the incident wave. The reflected wave leaves the surface at the angle of incidence, with its amplitude and phase modified by the impedance of the surface.
The reflected wave propagates to the receiver, in addition to the direct wave from the source. Depending on their relative phases and amplitudes, they may constructively add or destructively interfere [16] [17] [18] . The effect of the ground on the propagating wave from the source in the receiver site is an increasing of the attenuation usually called excess attenuation.
This can be explained in terms of the existence of two sources: the real one and the image source that model the reflected wave. In this case, the governing equation for the pressure amplitude p at the receiver, assuming a uniform medium (no refraction) and line source, in the positive half-space is
where R p is the plane wave coefficient, H 0 is the Hankel function of 0-th order and first kind.
The parameter F is the boundary-loss factor which is a complicated mathematical function of a variable w called the numerical distance. These functions are 15, 16 
where
Z air and Z ground are the air and ground impedance respectively, r 2 is the distance between the reflection point and the receiver and θ is the reflection angle measured from the normal of the surface. erfc is the complex complementary error function. Usually, the fraction β = Z air /Z ground is called the admittance of the homogeneous impedance plane. The reflected angle can be obtained as
where r 0 = (x 0 , y 0 ) is the position of the source and r R = (x, y) is the position of the receiver point with respect to the origin of coordinates (see Figure 1 ). 
II. IMAGE MULTIPLE SCATTERING THEORY (IMST)
The solution of the appropriate scattering problem satisfies the Helmholtz equation in the half-space that is written in polar coordinates (r, θ) as
where ∆ = 1 r
∂θ 2 , r = r(cos θ, sin θ) is the radius vector, p is acoustic displacement potential, k = ω/c and ω is angular frequency. Equation 7 is solved in conjunction with radiation conditions
Given M disjoint cylindrical scatterers located at the positions R m = R 1 , ..., R all placed above a reflectance surface on the symmetry axis (see Figure 1 ) and a sound source located at point O, one can consider the incident field over the n-th scatterer in the presence of both the other M − 1 scatterers and the ground by taking into account the multiple scattering technique 9,10 as well as the method of images
where p 0 is the pressure produced by both the real and the image sources and p The pressure of the sources can be expressed as
where r = r(cos θ, sin θ) is the vector connecting the real line source and the receiver point and r ′ = r ′ (cos θ ′ , sin θ ′ ) connects the position of the receiver and the image point source.
On the other hand, the scattered pressures by the cylinders m and m ′ can be represented as
where In order to introduce Equations 10, 11 and 12 in Equation 9 all the terms must be expressed in the same origin of coordinates. To do so, the Graf's addition theorems for the Bessel and Hankel functions are necessary 11, 20 . Thus, the pressures p 0 and p s in the reference system centered at n−th scatterer are,
) defines the position of scatterer C n with respect to real (image) line source and vector
Finally, because of the geometry of the problem, we can express the total incident wave over the n-th scatterer as
Introducing Equation 13, 14 and 18 in Equation 9, one can obtain the following system of equations,
At this stage B s . In our approach we will consider the general boundary condition, i.e., the continuity of both the pressure and the normal velocity across the interface between the scatterers and the surrounding medium. After that, considering the big contrast between both the densities and sound velocities, it will be possible to reproduce the results of rigid scatterers (Neumann boundary conditions).
The boundary conditions in the n-th scatterer can be expressed as
where ∂Ω n is the boundary of the n-th scatterer, ρ is the density of the surrounding medium and ρ n is the density of the n-th scatterer.
In order to apply the previous boundary conditions, we consider that the pressure field inside the n-th cylinder can be represented by
where k 1n is the wave number inside the n-th cylinder.
Using the boundary conditions and the expressions of both the exterior and interior fields in the n−th scatterer, we can obtain the following relation,
Here a n is the radius of the n-th cylinder (in this work the radius of the scatterers take the same value for all the cylinders, a n = a), g n = ρ n 1 /ρ is the density ratio, and h n = k/k 
where ∂ r is the derivative with respect to polar coordinate r.
The image symmetry can be used to relate A j s with A j ′ s . One have to take into account that r j ′ = r j and that θ j ′ = −θ j , then
and
Introducing the Equation 25 or 26 in 24 and in 19, the following infinite system of equations is obtained,
The coefficient A n s can be obtained by truncating properly the previous system, and the total acoustic field obtained using the IMST is is (0, 0). Figure 2 shows the analytical and numerical predicted IL spectra for these two particular cases, acoustically-hard and completely absorbent ground. From the analytical point of view the effect of the ground has been calculated using IMST or the equivalent doubled structure in free field using MST. From the numerical point of view the effect of the rigid ground has been calculated using the finite element method (FEM). In Figure 2A Orange line in Figure 3A shows the IL of the array over a rigid ground. Around 1200
Hz the values of the IL are negative because of the excess attenuation. This effect can be changed as the impedance is considered in the model as it will be seen in Section III. Black dashed, red dots, green dot dashed and blue continuous lines show the reduction or shift of the excess attenuation peaks due to the reduction on the reflection coefficient because of the finite impedance on the ground. In Figure 4 we have analyzed the symmetry of the acoustic pressure field respect to the ground plane depending on the value of the impedance. If the impedance is infinite, i.e., acoustically-hard ground, the acoustic field should be symmetric, which means that the acoustic field in the image space should be symmetrically equivalent to the acoustic field in the real space. However, in the case of a ground with finite impedance, the symmetry is broken and the field in the real space is not symmetrically equivalent to the acoustic field in the image space. Let us study these differences in the acoustic field considering an array 
Hard ground
The excess attenuation for several heights of the receiver due to a rigid ground can be observed in Figure 5A . Each horizontal cut, y = y r , of the map in Figure 5represents 
The excess attenuation appears in Figure 5A Figure 5A shows the dependence of the excess attenuation on the height of the receiver and on the frequency. The higher the height, the lower the frequency of the excess attenuation peak. Excess attenuation peaks of second order can be also observed for high values of both heigh and frequencies. In Figure 5B 
Soft ground
The excess attenuation for several heights of the receiver due to a soft ground without array of scatterers can be observed in Figure 6A . The pressure level in the receiver sites is characterized with the following expression,
where R( r O , r R ; ν) is calculated using the approach shown in Section I B. The impedance of the ground considered in this work is characterized by a two parameter model (σ e = In Figure 6A one can observe the pressure level for the case of a sound source with this impedance ground. Again the excess attenuation also depends on the frequency and on the heigh of the receiver. However, the dependence on this parameters is changed because of the properties of the ground. The first excess attenuation peak appears at lower frequencies and lower heights than in the case of acoustically-rigid ground. Excess attenuation peaks of second order can be also observed for high values of both heigh and frequencies with lower values than in the case of rigid ground.
In Figure 6B 
Hard ground
Figure 7 compares measured and predicted IL spectra for 7 × 3 rigid cylinder arrays above a hard ground plane for three receiver heights using the source location described in Section III B 1. The agreement between predictions and measurements is fairly good. The analytical spectra corresponding to these three heights are also marked in Figure 5B with dotted horizontal lines. One can also observe the ground effect on the IL due to the excess attenuation peaks for the three heights analyzed in this work near 4000 Hz, 2000 Hz and 1400 Hz respectively. The horizontal dotted lines in Figure 5B shows the corresponding cuts of the IL maps for the three heights analyzed in this Section.
Soft ground
Figure 8 compares corresponding measured and predicted insertion loss spectra for 7 × 3 rigid cylinder arrays over finite impedance ground for three receiver heights using the source location described in section III B 1. Again the agreement between predictions and measurements is fairly good. The adverse and the additional attenuation influences of ground effect on the IL spectra are shifted towards lower frequencies because of the finite impedance of the ground. The horizontal dotted lines in Figure 5B shows the corresponding cuts of the IL maps for the three heights analyzed in this Section. 
IV. CONCLUDING REMARKS
The effect of both rigid and finite impedance grounds on the attenuation properties of an array of rigid cylindrical scatterers has been analytically and experimentally analyzed. The
Image Multiple Scattering Theory (IMST) have been developed as an analytical methodology to study the effect of several finite impedance grounds on the propagating properties of an array of rigid scatterers in air. The dependence of the attenuation properties for several heights on the attenuation has been analyzed in this paper by means of IMST and experimentation. The excess attenuation produced by the interaction of the sound source and the ground can be used to reduce or increase the attenuation properties of the array of scatterers. On one hand the deeps on the excess attenuation always increases the attenuation properties of the array of rigid scatterers. On the other hand, the regions of frequencies out
